International Journal of Theoretical Physics, Vol. 31, No. 5, 1992

Filters and Supports in Orthoalgebras
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An orthoalgebra, which is a natural generalization of an orthomodular lattice or
poset, may be viewed as a “logic” or “proposition system” and, under a well-
defined set of circumstances, its elements may be classified according to the
Aristotelian modalities: necessary, impossible, possible, and contingent. The
necessary propositions band together to form a local filter, that is, a set that
intersects every Boolean subalgebra in a filter. In this paper, we give a coherent
account of the basic theory of orthoalgebras, define and study filters, local filters,

" and associated structures, and prove a version of the compactness theorem in
classical algebraic logic.

1. INTRODUCTION

In algebraic logic, propositions are represented by elements of an alge-
braic structure L. For classical logic, L is a Boolean algebra ; for intuitionistic
logic, L is a Heyting algebra; for quantum logic, L is an orthomodular
lattice or a generalization thereof. In the classical and intuitionistic cases, the
propositions in L that are syntactically or semantically true, probabilistically
certain, or logically provable, form a filter F< L. In quantum logic, suitable
versions of filters have a similar role to play.

If the orthomodular lattice L of all projection operators on a separable
Hilbert space of dimension three or more is regarded as a proposition system
for a quantum mechanical entity (Birkhoff and von Neumann (1936), then
each state (o-additive probability measure) u on L enjoys the well-known
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Jauch-Piron property (Jauch, 1968; Piron, 1964, 1976)

P,Qel with pu(P)=pu(@Q)=1=u(PrQ)=1

Thus, in the quantum logic affiliated with the Hilbert space of orthodox
quantum mechanics, the set of all propositions that necessarily (i.e., with
probability unity) yield the answer “yes” when tested in a given state is an
order filter that is closed under the operation (P, Q)P A Q of forming
greatest lower bounds.

Although the proposition system affiliated with coupled physical entities
is often presumed to be represented by a tensor product (Foulis, 1989; Jauch,
1968; Kldy et al., 1987), the tensor product of orthomodular lattices is
not necessarily an orthomodular lattice (or even an orthomodular poset)
(Kalmbach, 1983, p. 264). The smallest known category of proposition sys-
tems containing all unital orthomodular lattices and closed under the forma-
tion of tensor products (Foulis and Randall, 1981; Randall and Foulis,
1981a), is the category of all unital orthoalgebras. Orthoalgebras are the
simplest and most natural structures that can carry orthogonally additive
measures, and thus are basic for the rapidly developing field of noncommut-
ative measure theory (Alfsen and Shultz, 1976; Cook, 1985; D’Andrea and
De Lucia, 1991; Gudder, 1988 ; Riittimann, 1979, 1989; Schindler, 1986).

These considerations suggest the desirability of studying filters in
orthoalgebras. In this paper we give a coherent account of the basic theory
of orthoalgebras, initiate the study of filters in orthoalgebras, and set the
stage for subsequent papers dealing with orthoalgebras and with attributes
of physical entities.

2. ORTHOALGEBRAS

In 1666, G. W. Leibniz envisaged a universal scientific language
(Characteristica Universalis) together with a symbolic calculus (Calculus
Ratiocinator) for formal logical deduction within this language. In his papers
on the logical theory of identity, he introduced the notation a®b for the
“Jogical sum” of the terms a and b. Nearly two centuries later, G. Boole in
the Mathematical Analysis of Logic (1847) and the Laws of Thought (1854)
developed a calculus of logic in which the notation a+b was used for what
we now call the union of the classes @ and b—but only for the case in which
a and b are disjoint classes. Indeed, Boole was concerned with founding a
mathematical theory of probability and, for a probability P, the condition
P(a+b)=P(a)+ P(b) is required to hold only when a and b are disjoint.

In defining an orthoalgebra, we follow Boole and restrict the domain
- of definition of sums to certain pairs which eventually are called orthogonal
pairs. (For a Boolean algebra, these are precisely the disjoint pairs, but this
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need not be the case for a general orthoalgebra.) However, we use the Leibniz
notation a@®b to avoid confusing the orthogonal sum with the inclusive sum
(or disjunction) a+b later introduced for Boolean algebras by Jevons,
Peirce, and Schroder. Orthoalgebras were originally defined in Randali
and Foulis (1979, 1981a). In Hardegree and Frazer (1981) and Lock and
Hardegree (1984a,b) they were called associative orthoalgebras. The sim-
plified definition that follows is due to Golfin (1987).

Definition 2.1. An orthoalgebra (OA) is a set L containing two special
elements 0, 1 and equipped with a partially defined binary operation @
subject to the following conditions for all p, g, reL:

(i) (Commutativity) If p@gq is defined, then ¢®p is defined and
POG=q®p.

(i) (Associativity) If ¢®r is defined and p@(¢g®r) is defined, then
p@yq is defined, (p@q)Pr is defined, and pB(¢Pr)=(pPq)Pr.

(iii) (Orthocomplementation) For every pelL there exists a unique
ge L such that p@®gq is defined and p®g=1.

(iv) (Consistency) If p@p is defined, then p=0.

If the hypotheses of (ii) are satisfied, we write p@qg@r for the element
(p®q)®r=p®(¢Dr) in L.

We note that a Boolean algebra L forms an OA if we agree that p®g
is defined iff p A g=0, in which case p@g=p v ¢g. More generally, if R is any
ring with unity 1 and L is the set of all idempotents in R, then L becomes
an orthoalgebra if we define e@f=e+/ iff ef=fe=0.

Definition 2.2. Let L be an OA and let p, geL.

(i)  We say that p is orthogonal to ¢ and write p_Lq iff p@q is defined
in L.

(i)  If there exists an element re L such that plr and g=p®r, then
we write p<gq.

(ili) The unique element ¢ such that plg and p@g¢g=1 is called the
orthocomplement of p and is written as p'.

In a Boolean algebra, regarded as an OA, p_Lg holds iff p and ¢ are disjoint

(i.e., the meet exists and is 0), p<q holds iff p=p A ¢, and p’ is the unique

complement of p. In the orthoalgebra L of all idempotents in a ring R with

unity, plg holds iff pg=¢gp=0, p<q holds iff p=pg=¢gp, and p'=1—p.
Henceforth, we assume that L is an orthoalgebra.

Lemma 2.3. Let p, ge L. Then:

(1) plgeqlp.
(i) plp=p=0.
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(iii) pll=p=0.

(iv) p"=p.

(v) 1'=0and 0'=1.

(vi) plOand p®0=p.

Proof. (i) follows from the commutativity condition and (ii) follows
from the consistency condition in Definition 2.1. To prove (iii), assume that
pll and let g=(1@®p). Then (1®p)Pg=1, hence, by the associativity
condition in Definition 2.1, 1®(p@q)=1. Therefore, 1=1B(g®p)=
(1®¢)®p; hence, since 1 Lp, (1Dq)Dp)@Dp is defined, and it follows from
the associativity condition that p@p is defined. Therefore, p=0 by the con-
sistency condition. (iv) is an obvious consequence of the orthocomplementa-
tion condition. To prove (v), note that 1’ L1, so 1’=0 by part (iii). Therefore,
0'=1"=1. To prove (vi), note that 1=1@1I'=(p'@p)@0=p +(p®0);
hence, p@0=p"=p. N

Lemma 2.4. Let p, geL and suppose that p.Lg. Then
pL(p@q) and p@(p®q)=¢
Proof. Let r={(p@®¢q)’. Then
1=(p®q)®r=pD(gDr)=(gdr)Bp=qD(r®p)=9d(p®r)
Hence, p@r=q’. N
Corollary 2.5. For p,qeL, plg<p<q.

Proof. If plg, then p<q’ by Lemma 2.4 and Part (ii) of Definition 2.2.
Conversely, suppose that p<¢'. Then there exists re L with p Lr and p@r=
g. Thus, 1=(p@®r®Dg=0Bp)Dg=r@(p@q), so p®q is defined, and
therefore plg. W

Theorem 2.6 (Orthomodular Identity). For p, ge L with p<gq,
g=p@(p®dq)

Proof. Suppose that p<g=g4". Then plg by Corollary 2.5; hence, by
Lemma 2.4, g=¢"=p®{(pDqg). B

Lemma 2.7 (Cancellation Law). Let p, q, re L with p, g Lr. Then:
() p®r=q@r=p=gq.
(i) p@®r<g®r=p<q.

Proof. To prove (i), assume that p@r=¢q®r and let s=(pBr) =
(g®r). Then, (pBrPs=(gBr)®s=1, so pB(rBs)=g®(r®s)=1, from
which it follows that p=(r@s)'=q. To prove (ii), assume that p@r < qPr.
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Then, there exists te L with (p@®r).Lt and (p®r)@t=q®r. Consequently,
(p®1)Dr=q®r, so p®dt=gq by part (1). But p@Bt==q shows that p<q. M

Theorem 2.8. (L, <, 0, 1) is a bounded poset.

Proof. Let p, q,reL. That p<p follows from part (vi) of Lemma 2.3.
To prove that < is antisymmetric, suppose that p <q and ¢ <p. We have to
prove that p=gq. There exist s, te L such that pls, g1, p@®s=gq, and g®r=
p. Consequently, p@(s®t)=p=p@0, and it follows from Lemma 2.7 that
s®t=0. Therefore, s=s@0=s®(sPt) = (sDs)Dt, so s=0 and g=pDs=
p. The proof that < is transitive is straightforward, as is the proof that
O<p<lforallpeL. M

If p, q, reL, we write r=p v q (respectively, ¥=p A g) to indicate that r
is the least upper bound (respectively, greatest lower bound) of p and ¢ in
the poset (L, <). Two elements p, ge L are said to be disjoint if p A q exists
and equals 0.

Theorem 2.9. The map prp’ is an orthocomplementation on the
bounded poset L; that is, for p, geL:

H  p=p"

() p=qg=q<p.
(ii) pap'=0.

(iv) pvp'=1.

Proof. We already have (i). To prove (ii), suppose that p <g. Then, by
corollary 2.5, plq’, so ¢'Lp, from which ¢'<p’ follows by Corollary 2.5
again. To prove (iii), suppose that g<p, p’. We have to prove that g=0.
Since ¢ <p', we have p=p" <q', and so ¢<¢’; that is, g L ¢ by Corollary 2.5.
Therefore, g=0. To prove (iv), suppose that p, p'<qg. We have to prove
that ¢g=1. But, ¢'<p’, p; hence ¢'=0 by part (iii) above, and it follows
that g=1. W

Theorem 2.10. If p, ge L with p_Lq, then p@®q is a minimal upper bound
for p and g in the poset L.

Proof. That p, g<p@q is clear. Suppose that p, g<r<p@®q. We have
to prove that r=p@®gq. Since p, g<r, there exist 5, te L with r=p®s=q®1.
Since r<p®yq, there exists ue L with r®u=p®q. Now, p@sBu=r®u=
PDg=u@®r=ud®t@®q. From p@sOu=pDqg=uD1@®q and cancellation, we
find that s®u=g¢ and p=u®¢, and therefore that u<p, g. Since plgq, it
follows from Corollary 2.5 that ¢<p’; hence, that u<p, p’. Consequently,
u=0 by part (iii) of Theorem 2.9. H
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Corollary 2.11. If p, ge L with plgq, and if p v q exists in L, then
p®g=pvyq

By definition, an orthomodular poset (OMP) is a bounded orthocomple-
mented poset (P, <,’, 0, 1) such that, for p, ge P with p<q', p v ¢ exists in
P, and P satisfies the orthomodular identity:

p,qeP with p<q=q=pv(pvq)
(see, e.g., Foulis, 1962). Evidently, any OMP may be regarded as an OA by
defining p@g=p v q precisely in the case p<q'.

Theorem 2.12. For an QA L, the following conditions are mutually
equivalent:

(i ((L,<,',0,1)is an OMP.
(i) For p, q, reL, the conditions plgq, plr, and g lr imply that

(p®q)Lr.
(iii) For p,qel, plg=>pv q exists.

Proof. We prove that (i) = (ii) = (iii) = (i).

(i) = (ii): Suppose that L is an OMP and that the hypotheses of (it)
hold. By Corollary 2.11, p@g=pv q<r, so (p®q)Lr.

(ii) = (iii) : Assume (ii) and suppose that p L g and that re L with p, g <r.
To show that p@gq is effective as p v ¢, it suffices to show that p@g<r. But,
P, qLr'; hence, (p@q)L¥ by (ii), and therefore pPg<r.

(iii) => (i) : This follows from Theorem 2.6. W

Example 2.13. The simplest OA that is not an OMP is given by
L={0,1,a,b,c,d,e,f,a,b,c,d, e, f'}
where, apart from the obvious relations, we let
aPb=d®e=c
bDc=e®f=d
cPDd=fBa=¢
c®De=d', a®e=b', e@a=f'

We note that a®c=5" and a, c<¢', but b’ <¢ fails, so a®c¢ is not the least
upper bound of a and ¢. This example is due to R. Wright.

An orthomodular lattice (OML) is defined to be an OMP L in which
every pair of elements p, g has a least upper bound p v q. It then follows that
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every pair of elements p, g has a greatest lower bound given by pag=
(p'vq), so that L is a lattice. The theory of orthomodular lattices is
developed in some detail in Beran (1984) and Kalmbach (1983).

Example 2.14. The simplest OMP that is not an OML is given by
L={0,1,a,b,c,d,e,f, g, h,a,b,c,d, e f g, h}
where, apart from the obvious relations, we let
a®c=b, c@e=d, eDg=f', aDg=W
a®b=dde=c, b®c=g®h=da
c@®d=fog=¢, e®f=adh=g

We note that a’ A €’ fails to exist in L. This example is due to Janowitz (1963)
and is often referred to as Jy5.

It can be shown that a Boolean algebra is the same thing as an OML
in which disjoint pairs of elements are orthogonal.

3. SUBORTHOALGEBRAS AND COMPATIBILITY

Definition 3.1. Let L be an OA. A subset L; of L is called a suborthoalge-
braof Lif0, 1eL,, L, is closed under the orthocomplementation map p+—p’,
and, whenever p, ge L, with p_lg, it follows that p@gelL;.

Clearly, a suborthoalgebra L, of an OA L is an OA in its own right.
As such, if L; is a Boolean algebra, we call it a Boolean subalgebra of L. In
Example 2.13, {0, 1, a, b, ¢, @, b, ¢'}, {0, 1, ¢, d, e, ¢, d’, €'}, and {0, 1, ¢,
f,a, €, f', a} are Boolean subalgebras of L.

Lemma 3.2. Let p, q,reL with pLlg and (p@q).Lr. Then each of the
following is a Boolean subalgebra of L:

@) {0, Lpp}

() {0,1,p,q,p®q 70, q, (pDg)'}.

(i) {0,1,p, q,7, p®q, p®r, q®r, p®q®r, p', ¢, v, (pD9q)’, (pDrY,
(q®r), (pBgDr)’}.

Proof. The proof is a straightforward computation. W

As a consequence of Lemma 3.2, every orthoalgebra L can be regarded
as a union of Boolean algebras, each of which is a subalgebra of L; that is,
the unique @ in these Boolean algebras matches the @ of L. In this sense,
an orthoalgebra is “locally Boolean.” [Actually, any orthocomplemented
poset is a union of four-element Boolean algebras, so it is really Part (ii) of
Lemma 3.2 that distinguishes orthoalgebras.]
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Definition 3.3. Let C<L.

(i) Elements of C are said to be jointly compatible (and C is called a
compatible subset of L) iff there is a Boolean subalgebra L, of L

(ii) Elements of C are said to be jointly orthogonal (and C is called an
orthogonal subset of L) iff the elements of C are jointly compatible
and pairwise orthogonal.

As a consequence of Lemma 3.2, the empty set and any singleton subset
of L are compatible (and orthogonal by default). Also, if p1 g, then {p, ¢} is
a compatible (hence, orthogonal) set. We note that {p, ¢, r} is an orthogonal
subset of L iff pLg and (p@g)Lr. In Example 2.13, {g, c, e} is a pairwise
orthogonal set that is not an orthogonal set. It can be shown that L is an
OMP iff every finite pairwise orthogonal subset of L is an orthogonal set.
Even if L is an OMP, there may be subsets of L in which the elements are
pairwise compatible, but not jointly compatible (Ramsay, 1966). However,
pairwise compatible subsets of an OML are compatible subsets.

We say that the elements a and beL are compatible iff {a, b} is a
compatible set. The following result is a corollary of Part (iii) of Lemma
3.2

Lemma 3.4. The elements a, be L are compatible iff there exist jointly
orthogonal elements a,, by, deL such that a=a,®d and b=b,®d.

If L is a Boolean algebra, then any two elements of L are compatible.
The following example shows that the converse is false.

Example 3.5. Let
L={0,1,a,b,¢c,d e f, g a,b,c,d, e f,g}
Organize L into an OA by imposing the following relations:
a®b=f@®g=dde="C, b@c=dPg=e@f=da
a®c=e@g=dOf=Vb, c@d=bBg=a@®f=¢
c@e=b®f=adg=d’, aPe=cg=bDd=f"
a®c=c@®f=ed®b=g’

Then L is an OA in which every pair of elements is compatible, but L is not
an OMP because, for instance, {a, c, e} SL is pairwise orthogonal, but not
orthogonal. We note that the subsets of {a, b, ¢, d, e, f, g} that form jointly
orthogonal triples correspond to the lines in the seven-point Fano projective
plane.
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4. DIFFERENCES AND SUMS IN AN ORTHOALGEBRA

We omit the proofs of the theorems in this section, since they follow in
a straightforward way from the results already obtained.

Definition 4.1. If p, ge L with p<gq, define g—p=(p@®q’)".
Lemma 4.2. 1et p, qeL. Then:

(1) p<qg=q9=p®(g—p) (orthomodular identity).
(i) plg=p=(p®g9)—q.

(iii) p<g=p=g—(9—p).

(iv) If p<gq, then p=g<qg—p=0.

(v) p=1-p

(vi) p=p—0.

Lemma 4.3. Let p, g, re L with p<q <r. Then:

i (—-9@@g—-p)=r—p.

(i) (—p)—(@q—p)=@—(g—p)—p=r—gq.

(i) (p@Cr—q))—p=r—g.

(i) r=(p®Fr—q)=q9-p.

V) p=<p®@Fr—q)<r.

If p, gqe L, we write p<g to mean that p<q and p#gq.

Definition 4.4. A finite set D=L is called a difference set if either D is
empty or there exists a strictly increasing sequence

Po<pi\<p2<' " <Pu-1<Pn
in L such that
D={pr—pr-1lk=1,2,...,n}
We denote by #D the number of elements in D.
Lemma 4.5. Let
Po<pi<p2<---<p, and  u<qi<g;< - <q,

be two strictly increasing sequences in L that give rise to the same difference
set

Dz{pk—pk_]|k=],2,. .. ,n}={qj—qj_||j=l,2, e ,m}
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Then n=m=#D and p,— po=qm—qo-

Definition 4.6. Let D be the difference set corresponding to the strictly
increasing sequence po<p;<p,<-:-<p, in L. We define (DD =p,— po,
noting that (D is well-defined by Lemma 4.5. If D is the empty difference
set, we define (DD =0.

Theorem 4.7. If D< L, then D is a difference set iff D is a finite ortho-
gonal set of nonzero elements. Furthermore, if D is a difference set and B is
any Boolean subalgebra of L with D< B, then (DD is effective as the least
upper bound of D as calculated in B.

If C<L is a finite orthogonal set, then D= C\{0} is a difference set,
and we define (D C= (P D. (We use the notation A\B for the set of elements
in 4 that are not in B.) Evidently, if B is a Boolean subalgebra of L and C
is a finite orthogonal set with C< B, then (P)C is the least upper bound of
C as calculated in B. If p, ge L with p Lg, then C={p, ¢} is an orthogonal
set and (DC=p®Dq. Also, if reL with (p@q).Lr, then C={p,q,r} is an
orthogonal set and () C=p@q®r. More generally, if C={c;, c2,..., ¢}
is an orthogonal set, we use the notation ¢;®e,® - - - P, for @C.

Lemma 4.8. 1f Cis a finite orthogonal set and C=A4 U B with AN B=
&, then HC= DA D B.

Definition 4.9. By a finite partition of unity in L, we mean a difference
set Ec L such that HE=1.

Thus, a finite partition of unity is a finite set E={p, q, . .., r} of jointly
orthogonal nonzero elements of L such that p®g® - - - @r=1. Note that,
if D={p,q,...,r} is a finite orthogonal set of nonzero elements of L and

d=p®q® - - ®r#1, then E=Du {d'} is a finite partition of unity.

5. HEURISTICS FOR ORTHOALGEBRAS

In what follows, we assume that the elements of the orthoalgebra L
represent true/false propositions regarding a given physical system, a speci-
fied entity, or, indeed, any situation concerning which well-defined, testable,
two-valued propositions may be formulated (Birkhoff and von Neumann,
1936; Randall and Foulis, 19815). Propositions belonging to a Boolean
subalgebra B of L are supposed to be simultaneously testable in the sense
that it is possible, at least in principle, to ascertain all of their truth values
by conducting a single test, performing a single experiment, or making a
single observation. Thus, to say that a collection C of propositions in L
forms a compatible set is to say that these propositions admit a simultaneous
test. We refer to such a test as a test for C.
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If D is an orthogonal subset of L, it is understood that a test for D will
assign the value “true” to at most one of the propositions in D, If D is finite,
then (D is to be regarded as the logical disjunction of the propositions in
D in the sense that, as a consequence of a test of D, (DD is assigned the
value “true” iff one of the propositions in D is assigned the value “true,”
and that, otherwise, (P)D is assigned the value “false.” Of course, the propo-
sition 1eL is assigned the value “true” by any test; hence, if E is a finite
partition of unity, each test of E will result in the assignment of the value
“true” to one and only one proposition in E.

Suppose that p, ge L with p<gq. Then, {p, ¢} is a compatible set and, if
B is any Boolean subalgebra of L with {p, ¢} =B, we have p'vg=1 in
the Boolean algebra B. Therefore, we may interpret p <q to mean that, as
propositions, p implies g in the sense that, whenever p and ¢ are tested
simultaneously and p turns out to be “true,” then ¢ will also be “true.”

Incompatible propositions p, ge L may or may not have a greatest lower
bound p Agin L. If p A g exists, it is simply the “greatest” proposition in L
that implies both p and ¢. To interpret p A g as a logical conjunction of the
incompatible propositions p and g is misleading and confusing—if p and ¢
do not admit a simultaneous test, the classical notion of logical conjunction
is devoid of meaning. Similar remarks apply to the least upper bound pv ¢
of incompatible propositions.

6. FILTERS AND LOCAL FILTERS

Insofar as possible, we use standard order-theoretic terminology in con-
nection with the partially ordered set (L, <). For instance, a nonempty
subset U of L is called an order filter if, for all p, ge L with p < q, pe U implies
qeU. If U is an order filter, then, since U+ ¥, it follows that 1 U; also,
U=L if and only if 0e U. If U is an order filter in L and 0¢ U, we say that
U is a proper order filter. A subset D of L is said to be filtered (or downward
directed) if, for all p, ge D, there exists re D with r<p, q.

The following simple result turns out to be the key to the fact that the
Stone space of a Boolean algebra is a Hausdorff topological space.

Lemma 6.1. Let D, U, V=L, suppose that D is filtered, and let U and
V be order filters. Then

DcUuVeDcU or DcV

Proof. Suppose that Dz U and D& V. Then there exist d;, d€ D such
that d,¢ U and d,¢ V. Because D is filtered, there exists de D with d<d,, d>.
Since U and V are order filters, we cannot have deU (else d,eU) and
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we cannot have deV (else de V). Therefore, Dz Uu V. This proves that
DcUuV implies DU or DSV, and the converse implication is
obvious. W

A nonempty subset F of L is called a filter in L if it is a filtered order

filter. If ge L, then
q1={peL|q<p}

is the smallest filter containing ¢. A filter of the form ¢1 is called a principal
filter and q is called its generator. If L is an OML, then F'is a filter in L if
and only if it is an order filter closed under the operation (p, g}+—p A q.

Definition 6.2. FS L is a local filter iff, for every Boolean subalgebra B
of L, FA B is a filter in B.

If the elements of L are regarded as propositions, we may view the
elements of a local filter F as those propositions that are necessarily true
under a certain set of circumstances. In the next lemma, the proof of which
is straightforward, we give an alternative characterization of local filters.

Lemma 6.3. F< L is a local filter iff it is nonempty and has the following
property for every jointly orthogonal triple p, g, re L:

p®r, qBreF<refF

In an OML, the map g—p A (g v p') is called the Sasaki projection of q
onto p (Foulis, 1962; Sasaki, 1954). As a consequence of Lemma 6.3, it is
easy to see that, for an OML, the local filters are precisely the order filters
that are closed under Sasaki projections in the sense of the following:

Corollary 6.4. 1f L is an OML and F< L is an order filter, then Fis a
local filter iff p, ge F=p A (qvp')eF.

In a Boolean algebra, filters and local filters coincide. In an OMP, every
filter is a local filter; in fact, L is an OMP iff every principal filter in L is a
local filter. Even in the OML of projection operators on a Hilbert space,
there are local filters that are not filters; in fact, an atomic OML is a Boolean
algebra if and only if all of its local filters are filters.

In an OA that satisfies the descending chain condition (i.e., every strictly
descending chain is finite), an order filter F is determined by the set M of
minimal elements in F; indeed, F=|J {pT|pe M}. The next lemma shows
that a minimal element of a local filter F is disjoint from the orthocomple-
ment of every other element of F.

Lemma 6.5 (M. K. Bennett). Let F be a local filter in L and let ¢ be a
minimal element of F. Then, for every peF, p' A ¢ exists in L and p’ A ¢=0.
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Proof. Assume the hypotheses and suppose that re L with 1 <p’, q. We
have to prove that t=0. Since t<g, there exists se L with 715 and t@s=gq.
Since t<p’, we have p<t, from which it follows that £ F. Now, ¢, 5, ¢’ is
a jointly orthogonal triple, t®@s=gqeF, and ¢ ®s=reF; hence, seF by
Lemma 6.3. But s<gq and ¢ is a minimal element of F, so s=¢. Therefore,
t®g=q,s0t=0. W

Corollary 6.6. Let Fbe alocal filter in L and let p, ¢ be minimal elements
of F. Then p’ Aqg=0and p’vg=1.

As a consequence of Corollary 6.6, minimal elements of a local filter
are perspective (i.e., they share a common complement).

Whereas logicians often prefer to deal with filters (which can be pre-
sumed to represent the modality of necessity or truth), algebraists generally
prefer to think in terms of ideals (which often figure prominently in represen-
tation theory). A subset I of L is called an ideal if {p’'|pel} is a filter, and
it is called a local ideal if {p'|pel} is a local filter.

7. SUPPORTS

Definition 7.1. A subset S of L is called a support iff 0¢ S and, for every
orthogonal pair p, geL,

p®geS<{p. g} nS#J

We note that the empty set ¢ is a support. A nonempty support is
called a proper support. Evidently, every proper support is an order filter;
hence, a support S is proper iff 1€S.

Theorem 7.2. Suppose that 0¢S< L. Then the following conditions are
mutually equivalent:

(1) Sis a support.
(i) For every difference set D, ®DeS<DnS#J.
(iii) For every pair E, E* of finite partitions of unity in L,

SN(E\E®)#F=Sn(EN\E)+J
(iv) For every pair E, E* of finite partitions of unity in L,
SNECE¥=>SnE*cCE (exchange condition)

Proof. (i)=(ii)) by Definition 7.1 and mathematical induction. To
prove that (ii) => (iii), assume (ii) and suppose that E, E* are finite partitions
of unity with S N (E\E*) # . Let d= (D(E n E*), e= D(E\E*), and e*=
B(E*\E). By (ii) we have ecS. Now e®@d= D E=1= B E*=e*@d, and
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it follows that e* =ee S. Therefore, by (ii), S (E*\E) # . An elementary
set-theoretic argument shows that (iii) <> (iv). To finish the proof, we show
that (iii) = (i). Assume (iii) and suppose that p, ge L with p.l 4. We have to
prove that p@geS< {p, g} n S. Obviously, we can assume that p, g #0.
If pdg#1, let E={p®q, (p®q)'}, E*={p, q, (pDg)'}; otherwise, let E=
{p®q}={1}, E*={p, q} in (iii). W

As a consequence of the exchange condition in Part (iv) of Theorem
7.2, a proper support S must have a nonempty intersection with every finite
partition of unity in L. In particular, if pe L and § is a proper support, then
at least one of the two elements p, p’ must belong to S.

Definition 7.3. If S is a support in L, we define
Fs={peL|p'¢S}

Theorem 7.4. If S is a support in L, then Fs is a local filter in L and
the map S+ Fg provides a one-to-one correspondence between supports in
L and local filters in L.

Proof. We begin by noting that, if S= ¢, then Fy=L is a local filter in
L. Suppose, then, that S is a proper support and let p, ¢, r be jointly
orthogonal elements in L. We claim that Fs is an order filter. Indeed, suppose
a, beL with aeFgand a<b. Then b’ <a’' and a'¢S; hence, since Sis an order
filter, b'¢S, and it follows that be Fs. This shows that re Fs=p®r, q®reFs.
Conversely, suppose that p®r, gBreFs. Let d=(p@®g®r)’, so that p, g, r,
d are jointly orthogonal and p@®qg®r@d=1. Now, ¢®d=(p®r) ¢S and
p@d=(q®r)'¢S, from which it follows that p, g, d¢.S; hence, that r'=
pDq®d¢S. Therefore, reFs.

To show that S+ Fy is a one-to-one correspondence between supports
and local filters, it suffices to show that every local filter F can be written as
F for some support S. By an argument similar to that given above, if F is
a local filter, then S:={peL|p’'¢F} is shown to be a support, and it is clear
that F= Fs. ||

If the support S corresponds to the local filter F= Fg, and if Fis viewed
as representing the modality of necessity, then (owing to the fact that a
proposition peL belongs to S iff its negation p' does not belong to F) we
may view S as representing the modality of possibility. Thus, if p, g is an
orthogonal pair of propositions in L, the fact that p@qeSiff {p, g} N S# &
may be interpreted to mean that the disjunction p@gq is possible if and only
if at least one of the propositions p, g is possible. Also, the fact that S is an
order filter may be viewed as the condition that if p is possible and p<gq,
then g is possible. Part (iii) of the following lemma, the simple proof of
which is omitted, may be interpreted as the obvious requirement that a
necessary proposition is possible.
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Lemma 7.5. Let S, T< L be supports. Then:

() ScT<Frcks.
(i) S is proper<> Fs is proper.
(iii) S is proper<>Fs<S.

If S'is a support in L, then Is:=L\S={peL|p'eFs} is a local ideal in
L, and S« I provides a one-to-one correspondence between all supports in
L and all local ideals in L. The quadruple

S:FS,ISa S\\FS

may be viewed as a classification of the propositions in L according to the
classical modalities possible, necessary, impossible, and contingent, respec-
tively. This interpretation and its connection with Kripke models of sets of
formulas in modal logics is explored in Svetlichny (1986, 1990).

In what follows, we concentrate our attention on supports. This confers
a certain mathematical simplicity on our deliberations, and the pertinent
facts concerning local filters and local ideals are easily derivable from the
corresponding facts about supports.

8. THE SUPPORT LATTICE AND THE CANONICAL MAP

Definition 8.1. We denote by & =%(L) the set of all supports in L,
partially ordered by set-theoretic inclusion.

Note that ¢ and L\{0} are elements of ¥ and that J<=S<L\{0}
holds for all Se.%, so that & is a bounded poset. Evidently, the set-theoretic
union of supports is again a support, so & actually forms a complete lattice
under <. We refer to & as the support lattice of the orthoalgebra L.
Although, in general, the set-theoretic intersection of supports need not be
a support, it is clear from Definition 7.1 that the intersection of an inclusion
chain of supports is again a support. Furthermore, since a support S is
proper iff 1S, it is evident that the intersection of an inclusion chain of
proper supports is again a proper support. Therefore, by Zorn’s lemma,
every proper support contains a minimal proper support. This proves the
following:

Theorem 8.2. & is a complete atomic lattice.

Even if L is finite, & need not be an atomistic lattice; that is, there may
be proper supports that cannot be written as a union of minimal proper
supports. For instance, the support S=L\{0, 4, f, h} in the OMP of example
2.14 cannot be written as a union of minimal supports. If L is a Boolean
algebra, then the support lattice & of L is an atomistic dual Brouwerian
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lattice, i.e., an atomistic dual Heyting algebra that is complete as a lattice.

Definition 8.3. 1f pe L, we define [ple ¥ by

[p)=U {Se&|peFs}

and we refer to the map [+ ]: L —» & as the canonical map. A support of the
form [p] is called a principal support.

We may interpret [p] as the largest support that confers the modality
of necessity on the proposition p. We omit the straightforward proof of the
following lemma.

Lemma 8.4. Let p, gqe L and Se&. Then:

i [0]=g.

(i) [1}=L\{0}.

(i) p<g=[pl<lq].

(iv) peFs<=S<|p].

(v) P'élpl

v)  [pIAlP]=a.

(i) S=A {[pllpeL, SS[pl}.

By Lemma 8.4, [- ]: L — & provides an order-preserving map from the
poset L onto the meet-dense subset of & consisting of the principal supports.
In example 3.5, [- ]: L — & maps every atom in the poset L onto the element
Fe.#; hence, no element of ¥ confers the modality of necessity on any
atom in L. The following definition is intended to rule out this somewhat
undesirable situation.

Definition 8.5. L is modal if [ p]+ & holds for every pe L with p#0.

If L is a modal orthoalgebra and pe L with p5£0, 1, there are sufficiently
many supports in & to confer upon p each of the four classical modalities—
necessity, possibility, impossibility, and contingency. It is easy to see that L
is modal iff pe[p] holds for all 0 #pe L. We define p* = {ge L|g Lp)} for each
pelL. The proof of the next lemma is straightforward.

Lemma 8.6. (i) L is an OMP iff L\ p* €% holds for every peL.
(i) If L is an OMP, then L is modal and [p]=L\p" holds for
every pel.

Every OML is modal, as is every OMP. Also, every OA that admits
“sufficiently many” probability measures is modal.
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9. A COMPACTNESS THEOREM

The compactness theorem for classical algebraic logic takes the follow-
ing form for an orthoalgebra L:

Theorem 9.1. Let X< L have the property that X n S# J holds for
every proper support Se. Then there exists a finite subset X, of X with
the same property.

Proof. Let X denote the set of all minimal proper supports in L. By
theorem 8.2, it will suffice to prove that there exists a finite subset X, of X
such that X, n S# & holds for all SeX. Thus, let

T={eecL|{VJ™c X, 3SeX with ecS and S J= &}

To begin with, we are going to prove that Te%. Suppose e, fe L with ee T
and e</, and let J be a finite subset of X. Then there exists SeX with eeS
and SnJ=J. Hence, since S is an order filter, feS, and it follows that
feT. This proves that, if p, ge L with pLgq, then {p, ¢} " T# I =p@®qeT.

Conversely, let p, ge L with p Lg and suppose that p@geT, but that
{p, ¢} " T=J. Then there exist finite sets J,, J,<X such that, for all SeX,

peS=SnJ,#F and geS=SnJ,#J

Let J=J,uJ,. Since p@qeT, there exists SeX such that p@geS and
S nJ= . But, then, one of the conditions pe S or ge.S must hold, so either
Snd,#& or SnJ,#, contradicting S nJ=(F. This proves that T is a
support.

Suppose that T is a proper support. Then, by Theorem 8.2, there exists
SoeX such that S,<T. By hypothesis, there exists eeX N Se<=T. Let Jy=
{e}. Since Jy is a finite subset of X, there exists SeX with eeS and SnJp=
. Thus, we arrive at the contradiction eeS and e¢¢S, from which we may
conclude that T= (. Therefore, 1¢ T, and it follows that there exists a finite
set XoSX such that, for all SeX, 1eS= X, S+#J. However, since each
SeX is an order filter, the condition 1€S is automatic, and our proof is
complete. W

In terms of the idea that each support Se & determines corresponding
modalities for all of the propositions pe L, Theorem 9.1 may be paraphrased
as follows: If X = L has the property that for each proper support Se &, at
least one proposition peX is possible, then there is a finite subset of X with
the same property.
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